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We rederive the discrete inverse-scattering transform (IST) perturbation results for the time
evolution of the parameters of a discrete nonlinear Schrdodinger soliton from certain mathematical
identities that can be viewed as conserved quantities in the discrete, integrable nonlinear Schrédinger
equation in (1+1) dimension. This method significantly simplifies the derivation of the IST pertur-
bation results. We also present a specific example for which the adiabatic IST perturbation results
and the collective coordinate method results exactly coincide. This is achieved by establishing a
correct Lagrangian formalism for soliton parameters via transforming dynamical variables that obey
a deformed Poisson structure to ones that possess a canonical Poisson structure.

PACS number(s): 03.40.Kf, 63.20.Pw, 46.10.4+z

I. INTRODUCTION

The discrete nonlinear Schrodinger (NLS) system
arises in diverse physical situations [1]. Understanding
its dynamics is an essential step towards illumination
of the dynamics of general, extended, nonlinear discrete
systems. The central question is how to describe nonlin-
ear coherent excitations and their associated dynamics
in discrete NLS systems. Since the NLS system in the
Ablowitz-Ladik (AL) discretization, i.e.,

iWn = — Yns1 + Pno1) — 4 (Pnt1 + Y1) [¥a]” (1)

is completely integrable in (1+1) dimension [2,3], var-
ious discrete NLS equations derived from physical sys-
tems (see, e.g., [4,5]) can be usefully viewed as the AL
NLS equation with a perturbation. Of these systems, the
perturbed discrete NLS equation

WPn = — (Yrt1 + Y1)
— [k (Y1 + Y1) + 208n] [P (2)

is a prototype that has a very simple structure, i.e., a
combination of the integrable and nonintegrable terms in

|2

a tunable way, thus enabling us to emphasize the effects
of both nonintegrability and discreteness with conceptual
simplicity [7,8]. The perturbation theory [4] based on an
inverse scattering transform (IST) is useful in the study
of the nonlinear localized structures [6] in these systems
by answering the question of how the perturbation mod-
ifies the dynamics of an AL soliton. In what follows we
will demonstrate that the IST perturbation results for the
time evolution of the parameters of an AL soliton, un-
der adiabatic approximation, can be simply derived from
certain mathematical identities that are associated with
the conservation laws in the AL system. This method
enables us to obtain the IST perturbation results in a
significantly simplified way. Furthermore, we point out
that, for the prototypical NLS equation (2), in the adia-
batic framework, the perturbation theories based on the
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IST and based on a collective coordinate method coin-
cide exactly, which leads to an equivalent description for
an effective point particle theory for the soliton motion
in the lattice. As noted in Ref. [4], this equivalence is
qualitative rather than being exact for most systems, so
the case is particularly interesting.

II. REDERIVATION OF THE IST
PERTURBATION RESULTS

The general perturbed AL NLS equation can be writ-
ten as

i'l/;n + (¢n+1 + 1/)11.—1) (1 + l¢n|2) = Ef(¢n)7 (3)

where f*(¢n) = f(¥), n is a lattice index, —co < n <
+00, and the scaling property of Eq. (3) allows u to be
set to unity. A detailed account of the IST perturba-
tion theory for the evolution of the parameters of an AL
soliton

Ys,n = sinh Bsech [B(n — z)] exp [ia(n — x) +io] (4)

in the adiabatic approximation can be found in Ref. [4].
Note that, for the unperturbed case € = 0, the soliton (4)
has

z= 2sinh sin , (5)

B
sinh 8

6 = 2cosacosh (3 + 2asina 5

and o € [—m,7] and B € (0,+00) are constants. Here
we prove that the IST perturbation results can be sim-
ply derived from some mathematical identities. Since
these identities can be viewed as conserved quantities in
the unperturbed AL system (see the Appendix), the IST
perturbation results are direct consequences of conserva-
tion laws in the AL system. We will invoke the following
three identities that hold for arbitrary real z:

(6)
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oo
2 Substituting the form of the soliton (4) for ¥, , and not-
E sech[B(n — z)]sech[f(n+ 1 — z)] = el ing that
n=—oo

(7
E ln{l + sinhzﬁsechz[ﬂ(n — :1:)]} =28,

n=—oo

(8)

Z (n—z)ln{1+ sinh? @sech?[8(n — z)]} =0.
"o 0
The proof of these identities is relegated to the Appendix.
Using Identities (8) and (9), we have

“+oo
> In(1+ |Yanl?), (10)
n;oooo
26z = Y nln(1+[.n%). (11)

n=—oo

28 =

Taking time derivatives of Egs. (10) and (11), we arrive
at

+oo
Zﬂ;p = Z (n —_ .’l?)zl(it ln (1 + |¢a,n|2) . (12)

n=-—oo

Next, we invoke the adiabatic approximation, which
requires that the evolution of the parameters be con-
strained such that v, ,(t) [Eq. (4)] obeys the equation
of motion (3). Substituting Eq. (3) for 9, ,, leads to

+oo

28i = Z =i(n — )[Yo,n(¥5 a1 + Vo n-1)

n=-—oo

1
1 + sinh® Bsech?[B(n — z)]

cosh?[B(n — z)]

- cosh[B(n + 1 — )] cosh[B(n — 1 — z)]’ (14)
we derive

. 2sinhp sin o €sinh,B
T = B + 3

+oo

(n — z) cosh [B(n — z)]
:Zoo cosh[B(n+1—z)]cosh[B(n —1 — z)]
xIm {f (¢s,n) exp [—ia(n — z) — i0]}. (15)

Similarly, the derivative of Eq. (10) with respect to time
leads to

3 = esin 3 cosh[B(n — z)]
B= hﬂn;w cosh[B(n + 1 — z)] cosh[B(n — 1 — z)]

xIm{ f(1s,n) exp[—ia(n — z) — ic]}. (18)

To derive the equation for the time evolution of the pa-
rameter o, we proceed as follows. From identity (7), we
obtain

Yo (Vo ms1 T ¥5n-1)] 2sinhfexp(—ic) = 3 Yontlniss (17)
= 2(n- @)Im(f (s,n) ¥} 1] nETee
+ . . 13
en;«, 1+ [ths,nl? (13) the time derivative of which yields
|
—2 cosh 38 + 2isinh B = isinh 8 Z sech [B(n + 1 — )] f(vs,n) exp [—ia(n — ) — i0] (18)
—isinh B ) sech[B(n — 1 — )] f*(¢,,n) exp [ic(n — z) + ic]. (19)

Here the equation of motion (3) has been used again.
The real part of the above equation also leads to the
time evolution of 8 [Eq. (16)], while the imaginary part
yields the evolution of a,
& = —esinh 8
i cosh[3(n — z)] tanh[B(n — z)]
5= cosh[B(n + 1 — z)] cosh[B(n — 1 — z)]

x Re{f(¢s,n) exp[—ia(n — z) — io]}. (20)

Equations (15), (16), and (20) are precisely the same as

those for the evolution of the parameters of the soliton
derived in the adiabatic IST perturbation theory [4].

III. THE IST PERTURBATION THEORY AND
COLLECTIVE COORDINATE APPROACH

It is noted in Ref. [4] that, for the evolution of the
parameters of the soliton, collective coordinate methods
and the IST perturbation generally do not render the
same results. Here we present an example for which these
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two approaches are equivalent, i.e., the equations of mo-
tion for the effective point particle are exactly the same
from both approaches. As mentioned above, the discrete,
one-dimensional NLS equation (2) has this desired prop-
erty. This equation can be derived from the Hamiltonian

H==>" ($n¥hi1 +Vptni1)

—27” S [l + -Zf S (1+ulal?) (1)

with the deformed Poisson brackets

{'l/)na ¢:n} =1 (1 + /J'w)n‘z) Onm, (22)
{¥n¥m} = {5, ¥} =0. (23)
In general,
0B oC OB oC
(8.0) =43 (55 507~ oug 00 ) 0+ H0)-
(24)

The equation of motion is
"/}n = {H, 1/)11} (25)

Due to the scaling property of Eq. (2), the nonlinear-
ity parameter p > 0 can always be scaled to unity. The
dynamics of localized states in this system has been stud-
ied [7]. In the physics of localized states, an important
issue is how the motion of a localized state is affected
by the presence of the nonintegrable term —2v|v¢,|%v,.
Treating the term —2v|v, |2, as a perturbation to the
integrable Ablowitz-Ladik equation, within the adiabatic
approximation, we have the IST perturbation results to
the first order in v:

. 2sinhg .
Tr =

3 sina, (26)
12
a= V% Zl j’rr'zshs# cos(2msz), (27)
37 sin (?>

where, for the evaluation of &, use is made of the Poisson
summation formula

oo +o0 oo
Z f(n) = / dz f(z) [1 +2 Zcos (27r3z):| . (29)

- s=1

Although Eq. (26) still has the form of Eq. (5) for the
unperturbed case, now the variable « is no longer a con-
stant.

It is evident that this set of the equations constitutes
a Hamiltonian system

. 0

r = %Heﬁ', (30)
. o

a = —'a—iﬂeﬂ', (31)

where
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Heg = K+ V(z), (32)

K= _2simhf os a, (33)
oo 2 . 2

4r”ssinh B cos(2msz). (34)

V(z) = —v ————
; 33 sinh (W—B—zs)

Hence the motion of the soliton in the perturbed system
can be viewed as a point particle described by the general
coordinates (z, ) in an effective periodic potential V(z).

Next we turn to the derivation of the above results
from an effective Lagrangian obtained from a collective
coordinate approach. This approach will afford us a
transparent interpretation of the origin of the effective
kinetic energy of the particlelike excitation and the effec-
tive potential in which it moves. In order to use collective
coordinate method, we first should write down the La-
grangian formulation for the system (2). We need a pair
of canonical variables that obey the canonical Poisson
bracket instead of the deformed one [Egs. (22) and (23)].
This can be achieved by the transformation

— o, [t plYal?)
Pn = 1/)11 #|¢n|2 ’ (35)

o _ g [0+ plYa|?)
#n=Ya KlYn|? . (36)

The mapping is nonsingular and the inverse is

—1+ex 2
1/)11 = Pn P (llzflﬂonl ) ) (37)
/‘I‘Pn|
—1 + exp (#len|?)
Yy = o . 38
n=® Klonl? (38)

The new variable ¢,, and ¢, are conjugate canonical vari-
ables that satisfy

{‘P'Iw (p'r*n} = i5n,m7 (39)
{en, om} = {en, 0} = 0. (40)

Thus the Lagrangian can be written via the Legendre
transform of H as

, |
L= ZZ 5 ((pn(Pn - Qon(p‘n) - H. (41)

The collective coordinate approach postulates that the
parameters of the soliton are independent variables and
vary adiabatically. For the soliton (4),

on = eila(n—=)+0] \/ln [1 + sinh? Bsech®B(n — z)], (42)

ok = eTian—=)+o] \/ln [1 + sinh? Bsech®B(n — z)]. (43)

It is easy to evaluate that
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> S (Gnrh — bipn) (44)
= 3 —la(n—2)—ad+d]
x In [1 + sinh® Bsech’B(n — )] (45)
= 2Bai — 265, (46)

where we have used identities (8) and (9).
For the Hamiltonian (21), using the above soliton so-
lution as an ansatz, we derive

oo

- Z (¢n¢;+1 + ¢;¢n+1) = —4sinhfBcosa (47)

n=—oo

and

—2v ) " |¢pn|? = U(z) + C, (48)
where

oo 2 . 2
U(z) = —v Z w cos(27sz), (49)

s=1 3% sinh (%)

and C = —4vsinh? 3/8. Hence the Hamiltonian is
H = —4sinhBcosa + U(z) + Co, (50)

where Cy = —4v(sinh® /8 — B). Therefore, for the soli-
ton, the Lagrangian is

L = 2afi — 2086 + 4sinhBcosa — U(x) — Co.  (51)

The Euler-Lagrange equation for o yields

B =0, (52)

which is+consistent with the conservation of the norm
o0 .
N =32 In(1 4 plp,|?) = 26 in the system (2) [7]

[see also Eq. (28)]. The other two Euler-Lagrange equa-
tions for a and z have the forms

z = 2&;_h_,3_ sin a, (53)
. 10
Noticing that
V(@) = 55U (@) (55)

the equations of motion we obtain above via this col-
lective coordinate method are exactly the same as those
derived by the IST perturbation method [see Egs. (26)
and (27)]. We stress the importance of using the canoni-
cal variables ¢,, and ¢}, to derive the Lagrangian for the
motion of the effective point particle. It is incorrect to
use
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L=iY 2 (davn — i) — B, (56)

which is not a proper Lagrangian since v,, and v possess
a deformed Poisson structure. From this Lagrangian one
would not be able to derive the same equations of motion
as those from the IST perturbation theory.

From the collective coordinate approach, we readily
conclude that the term — > (¥Yntys 1 + ¥2int1) in the
Hamiltonian is related to the kinetic energy of the effec-
tive point particle and —2v'Y"_ |1,|? is related to the ef-
fective potential in which the point particle moves. This
potential generates the Peierls-Nabarro barrier for the
translating motion of a soliton [7]. Obviously, for the
Ablowitz-Ladik system (v = 0) the point particle does
not experience any such potential barrier at all. For the
solitons with 3 <« w2, keeping only the term in s = 1,
the potential takes a simple approximate form

472 sinh? 3
2
3 sinh (W—)
Ve

As expected, this barrier becomes exponentially weak as
the amplitude of a localized state becomes smaller since

V(z) = —v cos(2mz). (57)

2

VY~ —%exp (—%) as § — 0. (58)

IV. CONCLUSIONS

In the above derivation of the discrete IST perturba-
tion results, we have shown that the dynamics of a soliton
in a perturbed AL system is closely related to some con-
servation laws in the unperturbed AL system. Hence a
clear physical interpretation of the IST perturbation un-
der the adiabatic approximation emerges. Clearly, this
is a consequence of the adiabatic assumption, i.e., a soli-
ton retains its functional form [Eq. (4)] in the presence of
perturbations. We have also presented a perturbed AL
system for which the adiabatic IST perturbation theory
and the collective coordinate method yield an equivalent
description of an effective particle theory for the dynam-
ics of a soliton in a lattice. Using this example, we have
emphasized the importance of establishing a correct La-
grangian formalism using dynamical variables that obey
the true Poisson structure rather than a deformed one.
This equivalence again has its origin in the identities we
invoked above, which can be regarded as conserved quan-
tities in the unperturbed AL system. The question still
remains open whether there is a general formal equiva-
lence between the adiabatic IST perturbation theory and
the collective coordinate method for the dynamics of a
soliton in perturbed AL systems.

APPENDIX

Here we use a very simple theorem to convert some
summations to an integral form. The theorem states
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that, if > oo f(n+ A) is invariant under a A transla-
tion, i.e., independent of A, A € (—o0, +00), then

Y f+a)= [ se)de

n=-—oo

(A1)

Using this theorem and the constants of motion of the
Ablowitz-Ladik equation, we can prove the following
identities for arbitrary z:

";w sech[B(n — z)] sech[B(n + 1 — z)] = ;52}_{5 (A2)
Z In{1+ sinh? Bsech®[3(n — z)]} =28, (A3)
Z (n — z)In {1 + sinh? Bsech?[B(n — z)]} = 0.

e (A4)

The first identity can be proven by noticing that the
Hamiltonian for the Ablowitz-Ladik equation is

oo

H=— )" (Ynthis +¥rtns1)-

n=—oo

Substituting the soliton solution

¥, = sinh Bsech[B(n — z)]

x exp [i (2t cosh Bcos a + an + o)) (A5)

into the Hamiltonian, where ¢ = Vit 4+ 2o with V =
(2sinh @sina)/B and z¢ and o are arbitrary constants,
we obtain

H = —2sinh? Bcosa

x Z sech[B(n — z)]sech[B(n+ 1 —z)]. (A6)

n=-—oo

Since H is a constant of motion, we conclude that

oo

Z sech[B(n — z)]sech[B(n + 1 — z)]

n=-—oo

is independent of . Using the above theorem we convert
the sum to the integral and obtain

oo

D" sech[B(n — z)]sech[B(n + 1 — z)]

1 [ 1
- B /;oo cosh(Bz) cosh B(xz + 1) dpz
_ 1 ] cosh[B(x + 1)] |*°
" Bsinh g n cosh Gz —o0
2
" sinh g’
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Additionally, we can compute the momentum for the
Ablowitz-Ladik soliton, which is

P=i Z (Yn¥ni1 — Yhtnt1) (A7)
= 4sinh Gsino. (A8)

The second identity can be similarly proven using the
conserved norm of the Ablowitz-Ladik equation N =

¥ oIn(1+ pln|?). Hence N = 23 for the AL soli-
ton (A5).

The proof of the third identity is more involved since
the summation is not directly related to any conserved
quantity of the Ablowitz-Ladik equation. First, it
can readily be proven that any ,(t) that solves the

Ablowitz-Ladik equation

Wn = —(Ynt1 + Y1) (1 + [¥n]?) (A9)
satisfies
d & .
7 2 nn(1+[af?)
=4 Z (Yr¥ni1 — Ynthni1) = P. (A10)

Second, substituting the soliton solution (A5) into the
above equation, we obtain

% Z nln {1 + sinh® Bsech? [B(n — z)]}
1d 2 2
= V% Z nln {1 + sinh® Bsech?[B(n — z)]}
= g— = 2/8,
which leads to
" nin{1+sinh®Bsech?(B(n — z)]} = 28z. (A11)

Note that the integral constant is zero. This can easily
be seen by setting = = 0.

Combining the identity (A3) and Eq. (A11) yields the
desired result.
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